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a b s t r a c t
An interval coloring of a graph is a proper edge coloring such that the set of colors used at
every vertex is an interval of integers. An (α, β)-biregular bigraph is a bipartite graph in
which each vertex in one part has degree α and each vertex in the other part has degree
β . It is unknownwhether all (3, 4)-biregular bigraphs have interval colorings. In this work
we prove that if a (3, 4)-biregular bigraph G = (X, Y ; E) has two (2, 3)-biregular bipartite
subgraphsG1 = (Y , X1; E1),G2 = (Y , X2; E2) such thatX1∪X2 = X , E1∪E2 = E,X1∩X2 = ∅,
and E1 ∩ E2 = ∅, then G has an interval 6-coloring.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Graphs here are finite andmay havemultiple edges but no loops. Notation and terminology not defined here are from [1].
Let G be a graph and let V1, V2 be two subsets of V (G) such that V1 ∩ V2 = ∅. Denote by E(V1, V2) the set of edges with one
endpoint in V1 and the other endpoint in V2.
An interval coloring of a graph is a proper coloring of the edges of G with positive integers such that the colors used
at each vertex are consecutive. The notion of interval coloring was first introduced by Asratian and Kamalian [2] and by
Sevastjanov [3]. Not every graph has an interval coloring. Clearly, K3 is the simplest example of such a graph. For literature
on interval coloring of non-bipartite graphs, one can see [4].
The first bipartite graph without an interval coloring was found by Sevastjanov [3]. Generally, Sevastjanov [3] proved
that determining whether a bipartite graph has an interval coloring is NP-complete. For∆ ≤ 3, such examples do not exist,
as proved by Hansen [5]. Whether there exists an example with 4 ≤ ∆ ≤ 12 is still open.
An (α, β)-biregular bigraph is a bipartite graph in which each vertex in one part has degree α and each vertex in the other
part has degree β . It was conjectured that all (α, β)-biregular bigraphs have interval coloring, by Hansen [5] and Jensen
and Toft [6], and the simplest unsolved case is (α, β) = (3, 4). Hansen proved that every complete bipartite graph and
every (2, b)-biregular bigraph have an interval coloring when b is even. This was extended to all b by Hanson et al. [7] and
independently by Kostochka [8]. For the simplest unsolved case of α = 3 and β = 4, by investigating cubic subgraphs,
Pyatkin [9] proved that if G = (X, Y ; E) is a (3, 4)-biregular bigraph having a cubic subgraph covering the set Y , then G has
an interval 6-coloring. In this work we present the following theorem.
Theorem 1.1. Let G = (X, Y ; E) be a (3, 4)-biregular bigraph having two (2, 3)-biregular bipartite subgraphs G1 = (Y , X1; E1)
and G2 = (Y , X2; E2) such that X1 ∪ X2 = X, E1 ∪ E2 = E, X1 ∩ X2 = ∅, E1 ∩ E2 = ∅. Then G has an interval 6-coloring.
By studying spanning path factors, recently, Asratian et al. [10] proved that if a (3, 4)-biregular bigraph G = (X, Y ; E) has
a spanning path factor whose components are paths with endpoints in X and lengths in {2, 4, 6, 8}, then G has an interval 6-
coloring. Let G be the (3, 4)-biregular bigraph whose vertices of degree 4 are the elements in {1, 2, 3, 4, 5, 6} and for which
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Fig. 1. No cubic subgraph contains all vertices in Y .
Fig. 2. The construction of G′ .
the neighborhoods of the vertices of degree 3 in G are the triples in {123, 123, 145, 146, 234, 256, 356, 456}. It is easy to
verify that G satisfies the condition from [10] (i.e. it has the required path factor) but not the condition of Theorem 1.1.
The color a is used on vertex v ∈ V (G) if there exists an incident edge of v that is colored with the color a. For any
vertex v ∈ V (G), stating that vertex v has colors {a1, a2, . . . , ak} means that the color ai is used on vertex v, for each
i ∈ {1, 2, . . . , k}.
We present here a (3, 4)-biregular bigraph that can be divided into two (2, 3)-biregular bipartite subgraphs but does not
satisfy Pyatkin’s condition, as follows.
Define G = (X, Y ; E) to be the (3, 4)-biregular bipartite graph in Fig. 1(a). Suppose that Y = {1, 2, 3, 4, 5, 6} and X =
{123, 124, 235, 346, 346, 145, 156, 256}, where the vertices in X are represented by its neighbors in Y . Fig. 1(b) shows that
G contains two (2, 3)-biregular bipartite subgraphsG1 = (Y , X1; E1) andG2 = (Y , X2; E2) such that X1∪X2 = X, E1∪E2 = E;
X1 ∩ X2 = ∅, E1 ∩ E2 = ∅. We claim that G does not contain a cubic subgraph covering the set Y . Suppose otherwise that
G has a cubic subgraph H covering Y . Then |X ∩ V (H)| = 6 and X contains two vertices x1 = abc, x2 = def which are not
in H . Moreover x1 and x2 have disjoint neighborhoods in G. In other words, {a, b, c} ∪ {d, e, f } = {1, 2, 3, 4, 5, 6}. It is easy
to see that two such vertices do not exist. This is a contradiction. On the other hand, there are examples of simple (3, 4)-
biregular bigraphs which satisfy Pyatkin’s condition but do not satisfy the condition of Theorem 1.1. One such example is
the graph defined above, that is, the (3, 4)-biregular bigraph whose vertices of degree 4 are the elements in {1, 2, 3, 4, 5, 6}
and for which the neighborhoods of the vertices of degree 3 in G are the triples in {123, 123, 145, 146, 234, 256, 356, 456}.
Therefore neither Pyatkin’s result nor Theorem 1.1 implies the other.
2. Proof of Theorem 1.1
Let G = (X, Y ; E) be a (3, 4)-biregular bipartite graph. Suppose that G has two (2, 3)-biregular bipartite subgraphs
G1 = (Y , X1; E1) and G2 = (Y , X2; E2) such that X1 ∪X2 = X, E1∪ E2 = E, X1∩X2 = ∅, E1 ∩ E2 = ∅. We construct the graph
G′ from G as follows.
(1) First split each vertex y of Y into two vertices y′ and y′′, and add an edge y′y′′ from y′ to y′′.
(2) For each edge ay of Gwhere a ∈ X1 and y ∈ Y , replace edge aywith an edge ay′ from a to y′; for each edge yc of Gwhere
c ∈ X2 and y ∈ Y , replace edge yc with an edge y′′c from y′′ to c .
For simplicity, let Y ′ denote all the vertices of G′ adjacent to the vertices of X1, Y ′′ all the vertices of G′ adjacent to the vertices
of X2 and E0 the edges between Y ′ and Y ′′. Thus, G can be obtained from G′ by contracting all the edges of E0 (see Fig. 2).
Lemma 2.1. For each i ∈ {1, 2},Gi has a matching Mi saturating all the vertices of Xi. Moreover, M1 and M2 saturate the same
vertices in Y .
Proof. By the construction, G′ is a 3-regular bipartite graph. By Hall’s theorem [1, Corollary 5.2], G′ has a perfect matching
M . For i ∈ {1, 2}, let Mi be the edges in Gi that correspond to edges of M . Define G′1 = G′[X1 ∪ Y ′] and G′2 = G′[X2 ∪ Y ′′].
Suppose thatM ′i = M ∩ E(G′i) for each i ∈ {1, 2}. Obviously,M ′i corresponds toMi for i ∈ {1, 2}.
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We claim thatMi is a required matching of Gi for i ∈ {1, 2}. First, sinceM is a perfect matching of G′,Mi saturates all the
vertices of Xi for i ∈ {1, 2}. Next, let y′y′′ be an edge of G′ and suppose that y′ ∈ Y ′ and y′′ ∈ Y ′′. If y′ is saturated byM ′1, then
y′′ must be saturated byM ′2 sinceM is a perfect matching of G′. Similarly, if y′′ is saturated byM
′
2, then y
′ must be saturated
byM ′1. In view of G,M1 andM2 saturate the same vertices in Y , and our lemma follows. 
Proof of Theorem 1.1. By Lemma 2.1, Gi has a matching Mi saturating the vertices of Xi for each i = 1, 2, and M1 and
M2 saturate the same vertices in Y . Suppose that H1 = G1 − M1. Then for any vertex x ∈ X1, dH1(x) = 2; for any
vertex y ∈ Y , dH1(y) = 1 or 2. Thus, each connected component of H1 is a path or a cycle. Since |M1| = 2k, there
are 2k vertices in Y which have degree 1 in H1. So H1 = P1 ∪ P2 ∪ · · · ∪ Pk ∪ C1 ∪ C2 ∪ · · · ∪ Cl, 0 ≤ l ≤ k,
in which Pi is a path whose origin and terminus are vertices of Y , Cm is an even cycle, and Pi, Pj, Cm, Cn are pairwise
disjoint if i ≠ j,m ≠ n and i, j ∈ {1, 2, . . . , k},m, n ∈ {1, 2, . . . , l}. Similarly, suppose that H2 = G2 − M2. Then
H2 = Q1 ∪ Q2 · · · ∪ Qk ∪ D1 ∪ D2 · · · ∪ Dh, 0 ≤ h ≤ k, in which Qi is a path whose origin and terminus are vertices of
Y ,Dm is an even cycle, and Qi,Qj,Dm,Dn are pairwise disjoint if i ≠ j,m ≠ n and i, j ∈ {1, 2, . . . , k},m, n ∈ {1, 2, . . . , h}.
Since the origin and terminus of Pi and Qj are the vertices of Y and since H1 and H2 are bipartite graphs, the lengths of Pi,Qj
are even, where i, j ∈ {1, 2, . . . , k}. Denote by G∗ the subgraph of G induced by P1 ∪ P2 ∪ · · · ∪ Pk ∪ Q1 ∪ Q2 ∪ . . . ∪ Qk. In
the rest of our proof, we need the next claim.
Claim. Each of the following holds:
(i) G∗ has t components F1, F2, . . . , Ft , where Fi is an Eulerian subgraph for each i ∈ {1, 2, . . . , t}, t ≤ k.
(ii) For each i ∈ {1, 2, . . . , t}, if Fi contains s edge-disjoint paths of {P1, P2, . . . , Pk}, then Fi also contains s edge-disjoint paths
of {Q1,Q2, . . . ,Qk}.
(iii) For each i ∈ {1, 2, . . . , t}, Fi contains one path in {P1, P2, . . . , Pk} and one path of {Q1,Q2, . . . ,Qk}, alternately.
Proof of Claim. (i) By Lemma 2.1, M1 and M2 saturate the same vertices in Y . Suppose that H = G − (M1 ∪ M2). Then
H is a subgraph of G and for each vertex y ∈ Y , dH(y) = 2 or 4. Since G∗ is also a subgraph of H , for each vertex y in
Y , dG∗(y) = 0, 2, or 4, and for each vertex x ∈ Xj, dG∗(x) = 0 or 2, where j ∈ {1, 2}. This means that G∗ is a union of
Eulerian subgraphs. Since each component of G∗ contains at least one path of {P1, P2, . . . , Pk}, t ≤ k.
(ii) Assume that Fi contains s edge-disjoint paths Pi1, Pi2, . . . , Pis. Suppose that Fi = Fi1 ∪ Fi2 and E(Fi1)∩ E(Fi2) = ∅, where
Fi1 is induced by Pi1, Pi2, . . . , Pis and Fi2 is induced by Qj1,Qj2, . . . ,Qjs′ . Then Fi1 has 2s vertices of degree 1. Since Fi is a
connected Eulerian graph, Fi2 must have 2s vertices of degree 1. This implies that s = s′.
(iii) Since the origin and terminus of Pi and Qj are the vertices of Y for i, j ∈ {1, 2, . . . , k}, each component of G∗ has one
segment in {P1, P2, . . . , Pk} and one segment in {Q1,Q2, . . . ,Qk}, alternately. 
For 1 ≤ i ≤ t , let Fi be from G∗. By the claim, we assume that Fi = Pi1 ∪ Qi1 ∪ Pi2 ∪ Qi2 . . . ∪ Pis ∪ Qis is such that:
• Pij ∈ {P1, P2, . . . , Pk};• Qij ∈ {Q1,Q2, . . . ,Qk};• an end edge of Pij and an end edge of Qij have a common vertex, where 1 ≤ j ≤ s;• an end edge of Pij and an end edge of Qij−1 have a common vertex, where the subscript is mod s and 1 ≤ j ≤ s.
Now we color the edges of G in the following steps.
Step 1:We color the edges of G∗ using the following rule. We pick Fi from G∗ for 1 ≤ i ≤ t . We color edges of Fi according
to the structure discussed above.
We start to color one end edge e1 of Pi1 with color 3, then color edge e2 of Pi1 , which is adjacent to e1 in Pi1 , with color 2,
then color e3 with color 3 where e2 and e3 are adjacent in Pi1 , and so on; that is, we color the edges of Pi1 with color 3 and
2, alternately. Since the length of Pi1 is even, the other end edge e2λ of Pi1 must be colored 2. Next, we color the edges of Qi1
with colors 4 and 5, alternately. We start to color the end edge f1 of Qi1 , which is adjacent to e2λ, with color 4. We color edge
f2 of Qi1 , which is adjacent to f1, with color 5, and so on. Since the length of Qi1 is even, the other end edge f2µ of Qi1 must
be colored 5. We then color an end edge g1 of Pi2 , which is adjacent to f2µ, with color 3, and color the edges of Pi2 with color
3 and 2, alternately. We keep going in this way and color the edges of Pij with colors 3 and 2, alternately, and color edges
of Qij with colors 4 and 5, alternately, for 1 ≤ j ≤ s. In this way, we color all the edges of Fi and then color the edges of the
other components of G∗ similarly.
Step 2. Color the edges of Ci for each i ∈ {1, 2, . . . , l}with 2, 3 alternately; color the edges of Dj for each j ∈ {1, 2, . . . , h}
with 4 and 5 alternately.
Step 3. Color the edges ofMi, where i = 1, 2, as follows. If 2 is used on y ∈ Y , the edge inM1 incident with y is assigned
1; if 3 is used on y ∈ Y , the edge inM1 incident with y is assigned 4. If 4 is used on y ∈ Y , then the edge inM2 incident with
y is assigned 3; if 5 is used on y ∈ Y , then the edge inM2 incident with y is assigned 6.
Obviously, a vertex in X1 has colors {1, 2, 3} or {2, 3, 4}, and a vertex in X2 has colors {3, 4, 5} or {4, 5, 6}. If y ∈ Y is an
unsaturated vertex of bothM1 andM2, then each of {2, 3, 4, 5} is used on y. Suppose that y ∈ Y is saturated byM1. Then y is
saturated byM2 as well. If the edges of H1 ∪ H2 incident with ywere precolored 2 and 4, then each of {1, 2, 3, 4} is used on
y; if the edges of H1 ∪ H2 incident with y were precolored 3 and 5, then each of {3, 4, 5, 6} is used on y. Thus, we conclude
that G has an interval 6-coloring. 
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